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Finite element analysis of stresses in 
flexible bulk solid container 
Abstract 
Current theories and design codes pertaining to storage structures for bulk solids have 
been developed in the context of rigid-walled silos, and may not be applicable for smaller 
and highly-flexible containers that are often used for industrial packaging and 
intermediate storage. The focus of this study is to investigate the effect of wall flexibility 
on the bulk stresses and wall pressures during storage using finite element analysis. The 
results show that when the wall stiffness is low, the computed bulk stresses in the vertical 
bin section are dominated by plasticity, whilst the stresses in the hopper section remain in 
the elastic state. In this situation the wall pressure in the bin section is heavily influenced 
by the strength of the stored solid, which controls the extent of plastic flow. Overall, the 
normal wall pressure in the bin section is found to decrease with wall flexibility leading 
to a corresponding increase in vertical stress in the stored solid. As a consequence, the 
stresses in the hopper also increase leading to increasing loads on the hopper walls and 
potential exacerbation of handling issues for cohesive materials in highly flexible 
containers. 
Key words 
Flexible bulk containers, wall pressures, bulk stresses, finite element analysis 
1. Introduction 
Silos and bunkers made of aluminium, steel or concrete have traditionally been used in 
industrial operations for storing and processing of bulk materials, and the stresses in these 
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rigid structures have been studied extensively (e.g. Ooi et al., 1990; Ooi and Rotter, 1990; 
Rotter, 2001). Janssen’s theory (Janssen, 1895) has typically been used to predict the 
pressures in the vertical (bin) section of a silo while several theories for the pressures in 
the hopper section have been proposed (Ooi and Rotter, 1991), with Walker’s theory 
(Walker, 1966) being currently adopted in the Eurocodes (EN 1991-4:2006). In industrial 
plants, Flexible Intermediate Bulk Containers (FIBCs) made of fabric have been used for 
industrial packaging and intermediate storage solutions. These containers offer significant 
advantages: they are both lightweight and economical. However, the existing theories 
adopted in design codes do not take the effect of wall flexibility into consideration and 
their applicability to FIBCs is questionable. Indeed, the few previous experimental and 
numerical studies of stresses in flexible silos have all shown that these stresses are not 
well predicted by the established theories (Goodey et al., 2006; Ooi and Rotter, 1990, 
1991) even when considering relatively stiff walls in comparison to those of FIBCs. 
Furthermore, no studies on the stresses in highly flexible containers such as FIBC’s could 
be identified. Consequently the stresses in such containers appear to be unknown and the 
appropriate structural and functional design of these containers remains unclear. 
Consistent with this, both structural problems such as creep and tearing of the wall fabric 
and operational problems such as non-uniform, incomplete or arrested discharge of 
cohesive solids have been observed in industry in relation to FIBCs. Such problems lead 
to loss of productivity in industrial processes and further research is needed to develop an 
understanding of the stresses in these containers and to inform their design. 
A Finite Element (FE) analysis of the effect of wall stiffness on the stresses in a flexible 
axisymmetric container is carried out in this study. Relatively simple constitutive models 
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are used to model the complex behaviour of the wall fabric and stored bulk solid. 
Characteristic values of relevant numerical model parameters for the bulk solid are 
employed based on the established design codes for silos, while the parameters for the 
wall are estimated from uniaxial extension tests. The wall flexibility is quantified in terms 
of the relative stiffness parameter proposed by Ooi and Rotter (Ooi and Rotter, 1990) and 
a wide range of wall flexibility is explored. 
2. Numerical modelling approach 
An example of an FIBC can be seen in Figure 1. It is a “buggy” used for the storage and 
transport of industrial solids within a manufacturing plant. It consists of a rectangular 
steel frame, on which a polymer-coated fabric composite canvas is suspended to form the 
container. The canvas is tied at the top of the frame and at an intermediate height to form 
the vertical bin section of the container, and is tailored in such a way as to form a 
suspended pyramidal hopper. On filling the container, the canvas deforms significantly 
and assumes a more complex shape shown in Figure 1. The large deformations arise from 
the low stiffness of the canvas as well as structural compliance due to a small amount of 
initial slack in the canvas. In this study we aim to isolate the effect of the wall stiffness 
and ignore the initial compliance of the canvas by adopting and idealized geometry. 
[Insert Figure 1] 
While FIBC’s are typically of a rectangular plan form geometry similar to the one in 
Figure 1, the relevant theoretical and design code calculations we aim to evaluate pertain 
to an axisymmetric geometry.  Furthermore, it has been shown that the stress distribution 
in rectangular containers is highly complex and poorly understood  (Goodey et al., 2006) 
even if the further complexities arising from a very high degree of wall flexibility are not 
Page 3 of 40
https://mc.manuscriptcentral.com/aise
Advances in Structural Engineering
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
present. Therefore we focus on the axisymmetric analysis inherent in the design codes as 
a first step towards understanding the effect of wall flexibility on the stresses in flexible 
containers.  
The geometry adopted in the analysis is shown in Figure 2. The model consists of a 
cylindrical bin and a conical hopper with dimensions similar to those of the “buggy” in 
Figure 1. A conical surcharge pile, approximating the free surface of the solid at the end 
of filling, is included. 
[Insert Figure 2] 
The boundary conditions used in the analysis reflect those for a flexible container, where 
the canvas, which forms the wall, is tied to a rigid steel frame at the top and bottom of the 
vertical bin section (Figure 1).  
Only the pressures during storage are considered in this study and therefore a static FE 
analysis is performed. The filling of the container is modelled by linearly increasing 
gravity in the model over a single step in the analysis, a commonly adopted approach in 
previous studies (e.g. Holst et al., 1999). The more sophisticated method of introducing 
the bulk solid in layers (e.g. Ding et al., 2013) could not be used due to large overlaps 
between the deformed wall and newly introduced layers of solid.  
The non-linear geometric effects in this analysis were found to be negligible and were 
ignored to minimize computational time. The analysis was carried out using the 
ABAQUS/Standard software package (Simulia, 2012). 
2.1 Modelling the bulk solid 
The constitutive laws applied to the granular solid in silo applications have varied widely 
in complexity (Feise and Schwedes, 1998). These include linear elastic (e.g. Ooi and 
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Rotter, 1990) and non-linear elastic laws (e.g. Chen et. al, 2001), local elasto-plastic laws 
(e.g. Link and Elwi, 1990), local visco-plastic laws (e.g. Häussler and Eibl, 1984) as well 
as more sophisticated non-local hypoplastic laws (e.g. Tejchman, 1998; Wójcik and 
Tejchman, 2009, 2016). The choice of a constitutive law for the stored solid depends on 
the phenomena of interest (Feise and Schwedes, 1998). For the prediction of storage and 
discharge pressures the advantages of complex plasticity laws have been questioned 
(Nielsen and Wedner, 1998). For static wall pressures in particular, Ooi and Rotter (1990) 
showed that modelling the complex plasticity of the stored solid did not have advantages 
over using a simple elastic model, because the structure provided sufficient confinement 
for the solid to remain predominantly in the pseudo-elastic state. The authors showed the 
same to be the case in the conical hoppers of steel silos (Ooi and Rotter, 1991). 
Numerical studies by Ooi et al. (1996) and Chen et al. (2001) further demonstrated that 
adopting more complex non-linear elastic models such as a hyperbolic or power law 
models produced effectively the same results for the static wall pressure in steel silos as 
the simple linear elastic model. However, in the case of a flexible thin-walled steel 
container Goodey et al., (2003) found that modelling the plasticity of the stored solid did 
have an effect on the computed wall pressures, because the significant wall deformations 
allowed for the development of shear zones within the solid. The accurate prediction of 
such shear zones requires the use of more sophisticated non-local constitutive models 
(e.g. Tejchman, 2009). However, in the case of the above container a simple local 
elastic-perfect plastic model for the bulk solid produced a good agreement with 
experimental wall pressure measurements during storage (Goodey et al., 2006). This is 
an indication that a more complex model may not be necessary for the study of our 
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problem- the effect of wall flexibility on static wall pressures. Therefore, we adopt a 
similar approach to Goodey et al. (2006) and model the stored solid as an 
elastic/perfectly-plastic material.  The plasticity of the solid is modelled with the classic 
Mohr-Coulomb failure criterion without hardening, the mathematical formulation of 
which is described in detail elsewhere (Simulia, 2012).   
The model parameters adopted in the analysis are shown in Figure 2 – these correspond 
to characteristic values for limestone powder given by Rotter (2001). Limestone powder 
was chosen as representative of industrial powders, which are typically stored in 
“buggies” such as the one in Figure 1. 
A characteristic value for the elastic modulus of limestone powder was estimated from 
AS 3774:1996. It should be noted that the Young’s modulus for the stored solid is 
assumed to be constant in the analysis while in reality the modulus is expected to increase 
with depth as stress level increases. This has not been considered in this study. 
The Poisson’s ratio for the material was calculated from the elastic relationship for the 
lateral pressure ratio in a stiff smooth cylinder (Ooi, 1990; Rotter, 2001): 
 =  + 1		(1) 
where K is the lateral pressure ratio, calculated here according to the Eurocode for silos 
(EN 1991-4:2006) as 
 = 1.1(1 − sin())		(2) 
where φ is the effective angle of internal friction of the material. 
The effect of the dilation angle on the predicted wall pressure was explored but found to 
be negligible within a practical range of values (φd<20⁰)	for	all	analysis	cases. The 
minimum allowable value (φd=1⁰)	was adopted in the analysis. Similarly to previous 
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studies, a very small value was adopted for the cohesion intercept to improve numerical 
stability (Goodey et al., 2006). 
2.2 Modelling the wall canvas 
 The walls of FIBCs are typically made of polymer-coated fabric composites. 
These materials exhibit a highly complex mechanical behaviour, characterised by stress 
anisotropy, non-linear plasticity and creep (Hallal et al., 2013; Pargana et al., 2007). 
Consequently, sophisticated constitutive models, involving a large number of parameters 
and significant experimental calibration, are required to model these materials accurately 
(Dinh et al., 2015; Hallal et al., 2013; Pargana et al., 2007). Exploring such complex 
models is beyond the scope of this study. Instead, the wall of the container is modelled 
using a linear-elastic isotropic constitutive model as this should be enough to capture the 
main effect of the wall flexibility on the bulk stresses and the induced loading on the 
container walls. 
[Insert Figure 3] 
The elastic modulus for the wall canvas was estimated from uniaxial extension tests on 
samples from the wall material of the powder buggy shown in Figure 1. The extension 
tests were performed according to BS EN 1421:1998. Samples were tested in the warp 
and fill directions of the fabric as well as at 45° to the warp/fill direction. The results are 
shown in Figure 3 and reveal the low stiffness and high degree of anisotropy of the 
material. Young’s moduli were estimated from a linear fit to the stress-strain curves in 
each direction (Figure 3) using the data up to 10 MPa tensile stress, which is the 
computed stress range for the majority of the wall. Within this stress range, a linear 
Page 7 of 40
https://mc.manuscriptcentral.com/aise
Advances in Structural Engineering
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
approximation appears to be reasonable. The results are comparable to the values 
reported by a previous study on a similar material (Dinh et al., 2015). 
It should be pointed out that the estimated Young’s moduli correspond to a lower bound 
for the stiffness of the canvas, because fabrics exhibit a pronounced stiffening effect in 
biaxial tension, which is the realistic loading situation (Dinh et al., 2015; Pargana et al., 
2007). In this study, a wide range of elastic moduli was explored, using the estimated 
wall stiffness in FIBCs as a lower bound and also covering much higher stiffnesses as 
shown in Figure 2. The Poisson ratio adopted in our analysis is an average value of the 
ones reported in the abovementioned study of Dinh et al., (2015).   
2.3 Modelling the interaction between the bulk solid and the wall 
The normal contact at the wall was modelled using hard pressure overclosure with direct 
enforcement and the frictional traction was modelled using the Coulomb friction model 
with a penalty enforcement. Both of these are standard options in the Abaqus software 
(Simulia, 2008). The penalty enforcement for the friction model was used to reduce the 
excessive computational times required of the direct enforcement of friction (Chen et al., 
2001; Simulia, 2008). In this approach, the surface nodes are allowed to slide over a 
small distance called the elastic slip, before the limiting Coulomb friction is reached.  The 
magnitude of elastic slip controls the friction mobilisation along the contact surfaces and 
a sufficiently small value should be used to ensure that the numerical results are not 
affected (Chen et al., 2001; Simulia, 2008). A value of 10
-7
m was found to produce 
satisfactory results in a sensitivity test as shown in Figure 4. For all analysis cases in this 
study, the frictional traction along the wall was fully mobilized everywhere with the 
exception of a negligibly small region immediately above the outlet. 
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[Insert Figure 4] 
2.4 Mesh convergence 
The sensitivity of the numerical results to the number and type of elements adopted in the 
analysis was assessed. Different mesh densities were considered and both first- and 
second-order elements for the solid and wall. The numerical results were not significantly 
affected by the number of elements within the range considered as shown in Fig 5a, with 
the exception of a large localised pressure peak at the hopper transition as shown in Fig 
5b.  This peak has been regarded as a numerical artefact and previous researchers have 
attempted to eliminate it by smoothing the transition region to a curve or a circular arc 
(Ooi, 1990; Wang et al., 2013) . It can be observed, however, that this locally high 
pressure has negligible effect on the results away from its neighbouring nodes (Figure 5b) 
and therefore negligible effect on the computed stresses in the solid and on the walls. A 
potential explanation is that this pressure, although high, only acts on a very small area of 
the wall and therefore has a negligible effect on the overall equilibrium calculation. No 
artificial smoothing of the transition was attempted in this study.  
The finest mesh considered was adopted  in order to increase the resolution of the 
computed stress field in the stored solid  and the combination of first order axisymmetric 
quadrilaterals (CAX4) for the solid and second-order axisymmetric shell elements 
(SAX2) for the wall was found to produce satisfactory results. No advantages were found 
in using higher order elements for the solid at the adopted mesh density. 
[Insert Figure 5] 
3. Effect of wall stiffness on computed stresses in the 
container 
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The effect of wall flexibility on silo pressures was studied before by Ooi and Rotter in the 
context of squat circular steel silos (Ooi and Rotter, 1990) and conical steel hoppers (Ooi 
and Rotter, 1991). The authors showed that in the range of wall stiffness expected in such 
structures, the wall provides sufficient confinement for the majority of industrial solids to 
remain predominantly in the pseudo-elastic state and the wall pressures are influenced by 
the relative stiffness of the solid wall interface. The authors proposed the parameter 
defined in Equation 3 to quantify this relative stiffness:  
 =  												(3) 
where ! is the elastic modulus of the solid, R is the radius of the bin, " is the wall 
Young’s modulus and t is the wall thickness. A higher value of α corresponds to a more 
flexible container. 
The stiffness parameter α is adopted in this study to describe the wall flexibility of the 
container and a wide range of values is explored (Figure 2), corresponding to both highly 
flexible FIBCs and silos. The resulting wall pressures from the finite element 
computations are shown in Figure 6a. The wall flexibility has a significant effect on the 
wall pressure distribution both in the bin and hopper sections. The trend is characterised 
by a decrease of wall pressures in the bin, with a corresponding increase in the hopper as 
flexibility increases (as given by increasing α). In the hopper, a strongly increasing wall 
pressures towards the outlet region can also be observed with increasing wall flexibility.  
[Insert Figure 6] 
The corresponding regions of plastic flow and the vertical stress field in the stored solid 
are shown in Figure 7. The deformed shape of the container for all cases is shown 
without exaggeration.  
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At low and intermediate flexibility (α=0.01 and 0.5) the stored solid remains almost 
entirely in the elastic state, which concurs with the finding of Ooi and Rotter (Ooi and 
Rotter, 1990). However, in the case of high wall flexibility (α=2) the confinement 
provided by the wall is reduced sufficiently for a large portion of the solid to yield 
plastically in the bin section. In contrast, the solid in the hopper section remains entirely 
in the elastic state even at the high wall flexibility extreme.  
The plastic flow in the bulk solid leads to a complex distribution of vertical stress (Figure 
7b) characterised by non-uniformity on horizontal planes in the bin, which is contrary to 
Janssen’s theoretical assumption (Janssen, 1895). Overall, there is a trend of diminishing 
arching within the solid in the bin with increasing wall flexibility and a corresponding 
increase of vertical stress towards the transition, contributing to significantly higher wall 
pressures in the hopper (Fig. 6a). Such large increases in pressure may have structural 
implications and may need to be taken into consideration for the structural design of 
highly flexible containers.  Furthermore, the higher consolidation stresses near the outlet 
might result in higher cohesive strength of a cohesive solid and consequently exacerbate 
solid discharge problems in flexible containers, which is undesirable from an operational 
standpoint. 
It is worth pointing out that changing the individual values of the wall and bulk solid 
Young’s moduli did not change the computed wall pressures, if the value of the relative 
stiffness parameter α was maintained as shown in Figure 6b. This suggests that the 
numerical results for the very flexible cases in this study could also be relevant for much 
stiffer silos if a sufficiently stiff solid is stored in them.  
[Insert Figure 7] 
Page 11 of 40
https://mc.manuscriptcentral.com/aise
Advances in Structural Engineering
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
3.1 Stresses in the vertical bin section 
The well-known Janssen equation (Eq. 4) has been adopted for the calculation of wall 
pressures in the bin section of silos in the relevant design codes around the world (e.g. AS 
3774:1996, EN 1991-4:2006).  
# = $2% &1 − '(
)*)+,																																									(4) 
where zo = R/2mK; zs is the depth in the bin from a datum taken from one third of the 
height of the conical surcharge pile, R is the bin radius, % is the coefficient of wall 
friction and K is the lateral pressure ratio (assumed constant with depth). 
The application of Janssen’s equation requires the selection of an appropriate value of the 
lateral pressure ratio K for the stored solid. Many theoretical values have been proposed 
and the important ones have been summarised by Ooi and Rotter (Ooi and Rotter, 1990). 
The analysis in this study focuses on the values proposed by Ooi and Rotter (Ooi and 
Rotter, 1990), Koenen (Koenen, 1895) and the value adopted in the Eurocode (EN 1991-
4:2006). The aim of the analysis is to evaluate the relevant design code calculations, in 
which Janssen’s theory is adopted, and gain insight into possible improvements in the 
case of highly flexible containers. The analysis is heuristic in nature and is not proposed 
in lieu of validation of the numerical model, for which published experimental 
measurements could not be identified. 
Assuming a purely elastic bulk solid, Ooi and Rotter derived the value for the lateral 
pressure ratio shown in Equation 5, which also takes the flexibility of the silo wall into 
account. 
. = 1 −  + 	(5) 
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Where  is the Poisson ratio of the bulk solid and α is the relative stiffness parameter 
from Equation 3. 
At the opposite extreme Koenen assumed that the material is yielding plastically 
everywhere in the solid and derived the expression for K in Equation 6 on the basis of the 
Rankine active state. 
 = 1 − sin()1 + sin()	(6) 
where φ is the effective angle of internal friction of the solid. 
It should be noted that in this study, the Poisson ratio for the bulk solid is related to the 
Eurocode value of K through Equation 1. A substitution of this equation into Ooi and 
Rotter’s calculation (Equation 5) reveals that the latter differs from the Eurocode only by 
the inclusion of the parameter α. Consequently the two calculations are quite similar 
when α is small (a very stiff wall). 
A comparison between the corresponding theoretical pressure distributions and the 
numerical results is shown in Figure 8a. At the high wall stiffness extreme (α=0.01) the 
solid remains entirely in the elastic state, corresponding to the conditions assumed by Ooi 
and Rotter and adopting their proposed Ke=0.39 yields a reasonably good prediction of 
the wall pressure away from the hopper transition. In this case the Eurocode calculation 
gives quite similar distribution as explained above. The agreement with Ooi and Rotter’s 
prediction of a reduced pressure distribution is still good at an intermediate wall stiffness 
of α=0.5, where Ke=0.23 – this is not present in the Eurocode calculation since wall 
flexibility is not considered. At higher wall flexibility, however, the results move away 
from the theoretical predictions and seemingly away from the shape of the Janssen 
pressure distribution. This can be explained by the significant variation in the computed 
Page 13 of 40
https://mc.manuscriptcentral.com/aise
Advances in Structural Engineering
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
lateral pressure ratio with depth as shown in Figure 8b. The variation is characterised by a 
continuous decrease toward the transition with the hopper and is in contrast with the 
theoretical assumption of a constant value for K. An examination of the vertical and shear 
stress distributions in the bin for the pair of stiff (α=0.01) and very flexible container 
(α=2.0) in Figure 9 reveals the cause.  
[Insert Figure 8] 
[Insert Figure 9] 
The plastic flow induced by the high wall flexibility leads to a redistribution of stresses in 
the solid, characterised by a transfer of vertical stress away from the wall and towards the 
centre of the bin as shown in Figure 9 a and b. The redistribution is caused by the 
developing rupture regime, giving rise to a reversal of the arching in the solid as 
evidenced by the decrease in shear stress (Figure 9 c and d). Consequently, the stresses 
carried by the wall are decreased and there is corresponding overall increase in the mean 
vertical stress towards the transition. The combination of decreased stresses at the wall 
and an increasing mean vertical stress leads to the observed reduction in the computed 
lateral pressure ratio K with depth at high wall flexibility. 
Evidently, plasticity has a large influence on the computed stresses in the bin, but the 
extent of plastic flow depends on the effective angle of internal friction of the solid. 
Therefore, it is worth examining the effect of this parameter on the computed stresses. 
The results for a wide range of values of the effective angle of internal friction are shown 
in Figure 10 and the corresponding regions of plastic flow and vertical stress distributions 
are shown in Figure 11. Only the results for the most flexible container are shown, 
because the effect in this case is most pronounced. 
[Insert Figure 10] 
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[Insert Figure 11] 
The angle of internal friction has significant effect on the computed wall pressures and 
the relationship is characterised by a variation between the theoretical predictions of Ooi 
and Rotter and Koenen respectively (Figure 10a). At the very high internal friction of 
φ=60⁰, the solid remains in the elastic state even at the high degree of wall flexibility 
considered (Figure 11a). The corresponding pressure distribution is characterised by a 
constant value of K with depth (Figure 10b) and conforms to Ooi and Rotter’s elastic 
prediction (Figure 10a). At intermediate values of internal friction (φ=30-50⁰) a partial 
yielding of the solid in the bin leads to a complex state of stress characterised by a 
variation of K with depth and a deviation of the wall pressure distribution from Janssen’s 
equation as discussed previously. At the low internal friction of φ=25⁰, nearly all of the 
solid is in a plastic state (Figure 11a). This leads to a reduction in shear stress in the solid 
and a return to a more uniform vertical stress distribution as shown in Figure 12a. As a 
result the value of K is nearly constant with depth. These conditions correspond to the 
active-plastic condition proposed by Koenen for the lateral pressure ratio and the 
computed pressures agree well with the Koenen’s theoretical prediction. 
[Insert Figure 12] 
These results suggest that the wall pressure in a very flexible container is governed by 
plasticity and that the extent of the plastic yielding is influenced by the interplay of wall 
stiffness and internal angle of friction of the solid. An examination of the mean value of 
the computed lateral pressure ratio for the whole bin, shown in Figure 13, reveals this 
relationship. In all wall stiffness cases the mean lateral pressure ratio K decreases to a 
constant value as the internal friction angle of the solid increases. The decrease of the 
mean K with increasing angle of internal friction indicates that the solid is yielding 
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plastically, while a constant value indicates a solid in the elastic state. For a stiff wall 
(α=0.01) the solid remains in the elastic state for all but a low friction angle solid 
(φ<30⁰), which is in agreement with Ooi and Rotter’s results (Ooi and Rotter, 1990). 
However, the range of internal friction angles for which plasticity affects the results 
increases with the wall flexibility and extends even to highly frictional solids (φ>50⁰) as 
the relative stiffness parameter increases (α=2). In addition, as shown previously, when 
the solid yields plastically the lateral pressure ratio K significantly deviates from a 
constant value with depth (Figure 10b). This variation produces a wall pressure 
distribution, which is complex and does not conform to the Janssen distribution (Figure 
10a). Therefore, a description of the variation of K with depth in terms of the solid and 
wall material parameters might be needed for an improved prediction of the wall pressure 
distribution in the bin of a highly flexible container. 
[Insert Figure 13] 
3.2 Stresses in the hopper section 
Many theories have been proposed for the static and flow wall pressures in the hopper 
section of silos. The most important ones have been compiled by Arnold et al. (1980). In 
this study, the FE analysis will be compared with the Walker theory (Walker, 1966), 
which is adopted in the Eurocode (EN 1991-4:2006) for both the static and flow cases. It 
is based on the differential slice method (similar to Janssen’s theory). For an 
axisymmetric hopper, the normal wall pressure in Walker’s theory takes the form: 
# = 12 3 $45 − 16734 − 84 6 − 34 − 84 6
9: + σ<= 34 − 84 6
9 (7) 
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where 5 = 2(12% cot(@) + 12 − 1), γ is the unit weight of the solid, % is the coefficient if 
wall friction, @ is the hopper half angle, H is the height of hopper, z is the depth below 
the transition with the bin, σ<= is the vertical surcharge stress at the transition, F is the 
hopper pressure ratio and D is the stress distribution factor. 
The stress distribution factor D (the ratio of mean vertical stress to vertical stress at the 
wall on any horizontal plane) is assumed by Walker to be unity in all cases.  
Consequently, this parameter is not included in the Eurocode equation. However, it is 
included here to aid the discussion. The hopper pressure ratio F (the ratio between the 
mean vertical stress and wall pressure) is assumed to be different for the static and flow 
cases. The corresponding Eurocode equations are shown below (Equations 8 and 9). 
1ABACD = 1 − E1 + tan(@) /%		 																																																																																																			(8) 
1HIJ = 1 + sin() cos(K)1 − sin() cos(2@ + K)	; 	K =  + asin M!N5()!N5() O	; 	 = atan	(%)						(9) 
where φ is the effective angle of internal friction of the solid, β is the hopper half angle 
and b is an empirical parameter taken as 0.2 according to the Eurocode. 
The computed wall pressure distributions in the hopper section at varying degrees of wall 
flexibility are shown in Figure 14a along with the theoretical predictions. It should be 
noted that the vertical surcharge stress (σ<= ) used in the theoretical calculation was the 
mean value calculated from the four wall stiffness cases. 
[Insert Figure 14] 
The Eurocode calculation yields very similar results for the static and flow cases with 
corresponding FD values of 0.95 and 0.92 respectively. These values are close to unity as 
suggested by McLean (McLean, 1985) and yield reasonably good predictions at the high 
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wall stiffness situation (α=0.01). At higher wall flexibility, however, the computed wall 
pressure distribution changes markedly and is characterised by a transfer of pressure 
towards the outlet. An overall decrease in the computed hopper pressure ratio FD with 
decreasing wall stiffness can be observed as shown in Figure 14b. Consequently, 
adopting lower values for FD in Walker’s equation yields an improved prediction in 
cases of high wall flexibility (Figure 14a). However, in such cases (α≥0.5) there is a 
significant variation of FD with depth and the use of a single value is questionable. 
Furthermore, the computed values of F and D vary with depth individually in the hopper 
as shown in Figure 15, which poses a further challenge. 
[Insert Figure 15] 
[Insert Figure 16] 
The vertical and shear stress distributions at the two wall flexibility extremes are shown 
in Figure 16. In the stiff-walled case the vertical stress distribution is approximately 
uniform on horizontal planes (Figure 16a) and is characterized by a monotonic decrease 
towards the outlet. There is an associated arching action within the solid as evidenced by 
the shear stress distribution, shown in Figure 16c. With the highly flexible wall, 
significantly higher vertical stresses can be observed throughout the hopper with a higher 
surcharge stress at the transition partially contributing to this increase (Figure 16b). In 
contrast with the stiff-walled case, the vertical stress increases towards the outlet and a 
transfer of stress away from the wall and towards the middle of the hopper can be 
observed. There is an associated reduction of arching within the stored solid, as 
evidenced by the reduction of shear shown in Figure 16d.  
With respect to Equation 7, the radially uniform vertical stress distribution in the stiff-
walled case leads to values of the stress distribution factor D close to unity throughout the 
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hopper, as assumed by Walker (Figure 15a). The modest increase above unity is due to 
the arching action in the solid leading to a small increase of vertical stress at the wall. 
With the highly flexible wall, the redistribution of stress towards the middle of the hopper 
leads to a significant reduction of the distribution factor D (Figure 15a) especially near 
the transition. As the radial stiffness of the hopper wall increases towards the outlet, so 
does the stress distribution factor. Consequently, a return to the values for the stiff-walled 
case is observed near the outlet. The stiffening of the hopper wall with depth could also 
explain the observed increase in hopper pressure factor F near the outlet as shown in 
Figure 15b, since the solid in the hopper remains in the elastic state for all but a very free 
flowing solid (Figure 10a). 
As discussed before, the observed significant increases in the computed stresses in the 
hopper of a very flexible container might have negative implications from both a 
structural and operational standpoint and a more accurate theoretical description of these 
stresses might be needed for an improved design. It appears that such a description will 
require the development of expressions for both the vertical stress distribution factor D 
and the hopper pressure ratio F in terms of the material and geometric parameters and this 
could form the basis of future work.  
Lastly, the change in the hopper geometry at low wall stiffness should be mentioned. In 
this study, the induced curvature in the hopper was negligible (the slope varied less than 1 
degrees) even at the lowest wall stiffness (α=2). This might not be the case if the stiffness 
is decreased further and the effect of the change in hopper curvature might also need to 
be explored in the future.  
4. Conclusions 
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A finite element study of the effect of wall stiffness on the stresses in a flexible-walled 
axisymmetric container storing bulk solids has been presented. The results show that 
highly flexible walls lead to a significant redistribution of stresses in the container, 
characterized by a transfer of wall pressure from the vertical bin section to the hopper 
section and an associated increase of vertical stress throughout the stored solid in the 
container. In the case of a typical industrial flexible container, the maximum vertical 
stress in the solid could increase by as much as 300% compared to a stiff-walled silo and 
is accompanied by large increase of pressure on the hopper wall. Since the maximum 
load on the hopper  is one of the principal load cases for the structural design of silos 
(Eurocode EN 1991-4:2006), such large increases may need to be taken into 
consideration in the structural design of flexible containers. Currently wall flexibility is 
not considered in the Eurocode and the computed wall pressure distributions in both the 
hopper and bin section in this analysis differ significantly from the respective design code 
calculations. It should also be pointed out that the higher consolidation stresses in the 
bulk solid can lead to increased bulk strength in the case of cohesive solids, which may in 
turn exacerbate operational problems such as incomplete or arrested discharge.  
It is found that the computed stresses in the vertical bin section of a flexible container are 
strongly influenced by plasticity in the stored solid. The extent of plastic yielding is 
determined by the interplay of wall flexibility and the effective angle of internal friction 
of the solid. Both an entirely elastic and entirely plastic state are possible for the solid at 
practical extremes of the internal friction angle (φ=60⁰ and φ=25⁰ respectively) with 
partial yielding occurring in the intermediate range. If the solid is sufficiently frictional to 
remain in the elastic state, Janssen’s equation describes the computed wall pressure 
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distribution well when Ooi and Rotter’s elastic lateral pressure ratio is adopted (Ooi and 
Rotter, 1990). At the opposite extreme of a very free flowing solid entirely in the plastic 
state, the computed pressure distribution is well described by employing Koenen’s lateral 
pressure ratio (Koenen, 1895) based on the Rankine active state of failure.  In all other 
cases, partial yielding in the solid leads to a complex state of stress, characterized by a 
large variation of the lateral pressure ratio K with depth, which is in contrast with 
Janssen’s theoretical assumption. Consequently, the computed wall pressure distribution 
in these cases does not conform to the Janssen pressure distribution, suggesting that an 
improved prediction will require a description of the variation of K with depth in terms of 
the solid and wall material parameters. 
In contrast with the bin section, the solid in the hopper section remains predominantly in 
the elastic state even at high wall flexibility (α=2) and for all but extremely flowable bulk 
solids (φ=25⁰).  It is found that Walker’s flow theory provides a qualitative description of 
the computed wall pressures in the hopper, when appropriate values of the distribution 
factor D and hopper pressure ratio F are used. The values for these parameters given by 
the Eurocode (EN 1991-4-2006) provide a good description of the wall pressure for stiff 
walled containers, but the computed F and D values are found to decrease as wall 
flexibility increases, which is not reflected in the design code. These parameters are also 
computed to vary significantly with depth in the hopper.  
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Figure 1 A typical flexible container for storage and transport of powders, called a “buggy”.  
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Figure 2 Container geometry, FE mesh, boundary conditions, numerical model parameters and notation.  
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Figure 3 Stress-strain curves for the powder buggy wall canvas from uniaxial extension tests in three 
directions.  
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Figure 4 Effect of elastic slip on a) the friction mobilisation along the wall; and b) the computed wall 
pressures.  
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Figure 5 Effect of mesh density on a) the computed wall pressures in the container and b) the computed 
pressure peak at the transition.  
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Figure 6 Normal wall pressure at a) varying bulk solid-wall stiffness and b) at the two bulk solid-wall 
stiffness extremes with varying Young’s moduli for the bulk solid and wall.  
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Figure 7 a) Regions of plastic flow (red) in the bulk solid and b) vertical stress contours at varying bulk 
solid-wall stiffness.  
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Figure 8 a) Normal wall pressure and b) lateral pressure ratio in the bin at varying bulk solid-wall stiffness.  
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Figure 9 Vertical and shear stress distributions at varying depths in the bin at the two wall stiffness 
extremes.  
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Figure 10 a) Normal wall pressure and b) lateral pressure ratio in the bin at the high wall stiffness extreme 
with varying effective angle of internal friction for the solid.  
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Figure 11 a) Actively yielding regions (red) in the bulk solid and b) vertical stress contours at varying 
effective angle of internal friction.  
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Figure 12 Vertical and shear stress distributions at varying depths in the bin at two extremes of the effective 
angle of internal friction of the solid.  
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Figure 13 Variation of the mean lateral pressure ratio K in the bin with the angle of internal friction of the 
solid and the relative bulk solid-wall stiffness.  
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Figure 14 a) Normal wall pressure in the hopper and b) hopper pressure ratio at varying bulk solid-wall 
stiffnesses.  
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Figure 15 a) Vertical stress distribution factor and b) hopper pressure factor at varying bulk solid-wall 
stiffnesses.  
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Figure 16 Vertical and shear stress distributions in the hopper at the two solid-wall stiffness extremes.  
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